For booster synchrotrons, like the SIS at GSI, space charge is one of the main intensity limitations. At injection energy the space charge induced tune spreads in booster synchrotrons are large, reaching up to 0.5 and the ramping times are typically short. We study the effect of several localized electron lenses distributed equally around the circumference in order to compensate for the transverse space charge force.
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I. INTRODUCTION
Space charge represents a major intensity limitation in booster synchrotrons operating at low or medium energies. The limitation arises due to stopbands caused by envelope instabilities driven by the lattice structure [1, 2] or due to the space charge induced tune spread and its overlap with incoherent, nonlinear resonances [3] . Depending on the chosen working point and the intensity, coherent or incoherent effects can dominate or occur together. The space charge limit in booster synchrotrons is still an active field of research, both numerically as well as experimentally. After the success of electron lenses for beam-beam compensation in RHIC [4] , the potential of such lenses to also compensate, at least partially, for space charge would increase the potential for higher intensities in booster synchrotrons. However, one should keep in mind that space charge acts as a distributed defocusing error, whereas the beam-beam tune shift has a local source. Therefore localized lenses cannot be expected to be as efficient for space charge as they are for beam-beam compensation. One has to install several lenses around the ring instead of placing one lens close to the beam-beam interaction section. Furthermore, in order to be effective for space charge, the electron current profile has to match the bunch profiles of the ions. For very short, relativistic bunches the optimum bunch overlap was studied in [5] . For booster synchrotrons with typically long bunches compared to the length of an electron lens, the matching of the electron current profile with the ion bunch profile might be easier to achieve in experiments. Different concepts for space charge compensation were studied in [6] . Electron lenses for space charge compensation were also discussed in [7] . The possibility of space charge compensation in booster synchrotrons was studied in [8] using analytical models for the envelope instability and the coherent dipole tune.
The limitation of the compensation degree by the upward shift of the coherent dipole tune was pointed out. For the FNAL booster synchrotron a minimum number of lenses was estimated. For the SIS synchrotron, used as a reference machine in this study, the incoherent resonances induced by the space charge field of the electron beam in the cooling section were analyzed in [9] . For electron cooling the tune shift induced by the electron beam is usually well below 0.1 and the ion beam currents are low. Therefore incoherent resonances dominate and were identified up to order 6 in the tracking studies together with a severe emittance growth. The present study relies on a simulation model for intense beams including the linear synchrotron lattice, the 2D self-consistent space charge force and simple kicks for the lenses. We compare the results of extended simulation scans to analytical models.
II. SPACE CHARGE COMPENSATION: 2D MODEL
The compensation of space charge in bunches is a 3D problem. The transverse profile of the electron beams and its current profile both have to match the transverse profile and the longitudinal bunch profile of the circulating ion bunches. In this study we assume ion bunches that are long compared to the interaction length with the electron beam. The current profile of the the electron beam in the interaction section is assumed to follow exactly the ion bunch profile. If a certain space charge compensation degree is chosen for the bunch center, it will therefore hold also at the bunch ends. If we further assume that the relevant effects are faster than the synchrotron oscillation period, a 2D model for the bunch center slice is sufficient. The space charge tune shift in the bunch center is (vertical plane)
where β 0 and γ 0 are the relativistic parameters for the ion beam, N is the total particle number in the ring, Z the charge state of the ions, A the mass number, B f is the bunching factor, ε y is the unnormalized emittance of the equivalent KV beam. 
Hereby we assume that the transverse profiles of both beams overlap ideally. I e is the current of the electron beam, l is the length of the interaction section, β e is the velocity of the electrons divided by the speed of light. The required electron current in order to fully compensate a given space charge tune shift ∆Q y with one lens is
The degree of space charge compensation we define as
where ∆Q is the space charge tune shift and ∆Q e the total beam-beam tune shift generated by N e electron lenses. The GSI SIS heavy-ion synchrotron [10] is used as a reference case for the study (see also section A). The SIS has a circumference of C = 216 m and S = 12 periodic sectors. The injection energy is 11.4 MeV/u. Example beam parameters are given in of the existing SIS electron cooler are given in Table II . As a simple example, if we use the SIS cooler in the conventional way (co-propagating, β e = β 0 ) and assume a symmetric Ar 18+ beam with ε y = 20 mmrad a tune shift of ∆Q y = −0.1 could be compensated (see also [9] ). This of course requires an ideal overlap of both beams. The compensation of the reference beam parameters given in Table I would require at least an electron current of 2 A and N e = 3.
III. STABILITY CONSIDERATIONS: ORBIT AND OPTICAL FUNCTIONS
The transverse space charge force acts as a distributed (de)focusing error around the ring.
In periodic focusing lattices space charge alone only leads to incoherent structural or coherent parametric resonances. On the contrary the electron lenses act as localized focusing errors. If they are spaced symmetrically around the synchrotron they define new periodic structure cells (for N e < S). The lenses also result in additional nonlinear error resonances.
Before discussing discreteness effects, the limitation of the compensation degree due to the shift of the coherent tune is discussed. This limitation has been pointed out in [8] . The focusing electron lenses cause an upward shift of the coherent tune (the frequency of the beam centroid oscillations)
where Q c is the coherent tune and Q 0 the bare tune. This has been experimentally shown at the SIS for both coasting and bunched beams in [11] . An important limitation for the total strength of the lenses is that Q c should stay well below integers n, in order for the closed orbit to remain stable. This limitation only depends on the total beam-beam tune shift and not on the number of lenses.
The number of lenses N e is important for the perturbation of the optical functions. The beating of the β-function caused by an electron lens j, treated here as a localized focusing error is (see
Assuming that the lenses are located symmetrically around the ring, φ j is the phase advance from the beginning of the section to the position of the lens and φ the phase advance at the observation point. The maximum beta beating caused by the lenses is approximately
where ∆Q e is the total beam-beam tune shift. If we require that the maximum beta beating remains well below 1, only very small space charge tune shifts can be compensated with one lens (well below 0.1 in the SIS). For the typical space charge tune shifts in high current synchrotrons, of the order of 0.4 − 0.5, several (at least N e 3 for the SIS) lenses are required to at least partially compensate the space charge tune shift, without causing a large beating amplitude of the optical functions (see also section A for more detailed results).
It is important to notice that for dc electron beams the beta beating could be reduced by corrector quadrupoles. However, for the desired pulsed electron beam operation, a correction with fixed gradient quadrupoles is not possible.
The required number of lenses can also be estimated from the stability criteria for betatron oscillations in periodic focusing lattices:
where the tune Q is the particle tune and ∆Q e is the total beam-beam tune shift induced by the The distance between stopbands is N e /2, which is also why we call those stopbands "180 o ". The stopband width increases as δQ ≈ 2∆Q e . Figure 1 indicates that for N e = 3 a total beam-beam tune shift of ∆Q e y = 0.2 − 0.3 might be feasible. The degree of compensation is limited by the coherent tune approaching the integer value Q c = 4. How close Q c is allowed to approach the integer resonance depends also on the accuracy of the alignment of the electron lenses and the circulating ion beam. The tolerance for such offsets and the resulting localized dipole kicks are not part of this study. Indicated is also the reference high-current working point in SIS Q 0 together with the resulting upwards shifted coherent tune Q c .
IV. ENVELOPE PERTURBATIONS AND INSTABILITIES WITH ELECTRON LENSES
The 2D envelope equations (see for example [13] ) can be solved numerically including the electron lenses, treated as thin, linear defocusing elements. Thereby one can obtain space charge structural instabilities and their modification due to the lenses. Furthermore, for stable beams, this self-consistent model can predict the perturbation of the optical functions and, for unstable beams, the stopbands with localized lenses and linear space charge.
First, we use simple analytical expressions to discuss the expected modifications and shifts of space charge structural resonances due to the electron lenses. The condition for a parametric resonance or envelope instability including a partial incoherent space charge compensation is
where Q 0 is the bare tune, ∆Q 2 is the coherent tune shift for the envelope modes, n is the harmonic number and S = N e is the number of structure cells, which equals the number of electron lenses in our scenario. It is important to note that the stopbands arising from (coherent) envelope instabilities, also called 90 o stopbands, are different from the 180 o stopbands shown in section III.
Both stopbands can overlap, as it will be the case in the SIS close to Q y = 3. In this case the 180 o stopband dominates, as it defines the linear stability for the single particle and envelope betatron oscillations.
The coherent tune shifts in Equation 9 can be estimated in x and y assuming uncoupled envelope
With a and b the beam radii in x and y for vanishing space charge, the ellipticity parameter η 0 is given for equal emittances as η 0 ≡ a/b = Q 0,y /Q 0,x .
The coherent tune shift ∆Q 2 is smaller (factor 5/8 for a symmetric beam) than the incoherent tune shift ∆Q. This effect is often called "coherent advantage": With increasing space charge the coherent envelope tune will hit the resonance after the incoherent particle tune. For strong space charge, like in booster rings, the relevant resonance is assumed to be the coherent and not the incoherent one [2].
The stopbands corresponding to the envelope instability are shifted downwards by the presence of the electron lenses. Because of the "coherent advantage" the compensation can be partial ∆Q e = α∆Q, with α ≈ 5/8 for symmetric beams. For the less intense SIS reference beam Table I the compensation, limited by the integer reso- An example resonance diagram (dashed fourth order lines) and tune footprint for N e = 3 is shown in Figure 6 for ∆Q x,y = −0.2/0.5 and α = 0.5 (red). For comparison, the tune footprint for the uncompensated beam is shown as well (red/blue).
It is important to note that in our 2D PIC model we use electron lenses that are ideally matched to the ion beam. In more realistic scenarios the electron beam would be kept strictly round, because and electron beams. The alignment errors of the lenses will add to the closed orbit instability at integer coherent tunes. The errors in the electron current for different lenses will lead to additional gradient errors stopbands. Also we did not include any lattice errors, which are usually the reason for the space charge limit without the lenses. Therefore we expect our model to be very optimistic.
Still there is room for further studies and possible improvements. For example, instead of trying to ideally overlap both beams one could use a transverse McMillan lens profile [15] . This could reduce the effect of nonlinear resonances induced by the lenses, but would not affect the error stopbands or the beta beating. The compensation might work better for lower space charge tune shifts (0.1 or lower) and a space charge limit dominated by nonlinear lattice errors. This would require studies with a 3D simulation model including synchrotron motion over much longer time scales than in this study. We plan to conduct such long-term simulation studies for the FAIR SIS100 synchrotron, first within a frozen 3D space charge model.
We assume that all electron lenses in the SIS will be located at the same position as the existing electron cooler in section 10 (see Figure 7) . FIG. 7 . The SIS18 synchrotron. The existing electron cooler is localized in section 10.
The optical functions including space charge and the thin electron lens for one SIS cell obtained within our envelope model (not all lattice elements are included) are shown in Figure 8 for N e = 12 and in Figure 9 for N e = 6.
It is important to note that the ion beam at the location of the lenses will in general not be round. Even with equal β functions in x, y the asymmetric emittances will lead to an elliptical beam profile at the location of the lens. The β beating can further enhance the difference in the β functions. The electron beam guided by a solenoid field and affected by the E × B rotation, on the other hand, is usually round. This further complicates the matching of the transverse profiles of both beams. In our simplified model we treat both beams as ideally matched. Furthermore the phase advance along the interaction sections is finite, whereas we use a thin lens approximation.
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